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Abstract

We present a solution of, a one-dimensional heat conduction equation for a solid body consisting of three parts. The exterior parts possess
identical thermal properties. The thermal properties of the inner part differ from the outer ones. The temperature field is created by a planar heat
source located between one outer and one inner part. This solution can be used in measurements of thermal properties of an inner body by the
pulse transient method assuming that the thermal properties of outer bodies are known.
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1. Introduction

The two exterior parts (denoted as index 1 or 3, respectively)
of the equal thermo-physical properties A; = A3, c] =3, p1 =
p3 (thermal conductivity, specific heat, and density) are con-
sidered as semi-infinite in intervals of (1), x € (—o0, 0), (3),
x € (h,+00). The inner part (2) with thermal parameters A7,
¢z, p2 and thickness # is placed inside the interval x € (0, h).
The planar heat source acts on the plane at x = 0 where parts 1
and 2 are in thermal contact (Fig. 1). The time dependence of
the temperature is measured at the second interface at x = h,
which is the plane of the thermal contact of parts 2 and 3.

This “three-body problem” has been solved before, as shown
in Ref. [1]. The purpose of the current paper is to include de-
tailed mathematical steps, which might be omitted in Ref. [1] as
well as to sketch possible spreading of current theory to further
heating methods.

2. Determination of the temperature field

In order to determine the temperature, one-dimensional heat
conduction equations have to be solved
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0T 32T1 .

— —aj——= =0, ataninterval of x € (—00,0) (2.1)
ot dx2

0T, 32T2 .

— —ap—— =0, ataninterval of x € (0, 1) 2.2)
ot dx2

T 3°T; .

—— —a;—— =0, ataninterval of x € (h, +00) (2.3)
ot x2

under the following initial and boundary conditions
T\(x,t=0)=Tr(x,t=0)=T3(x,t=0)=0 2.4)
Ti(x > —o0,t) = T3(x > 400,t) =0 (2.5)
Ti(x=0,t) —Th(x=0,t) =0 (2.6)
Th(x=h,t)—Tz3(x=h,t)=0 2.7

oTi(x — —0,1) 0Tr(x — +0,1)
A ) =q() (2.8)
ax dax
0T (x =h,t oT3(x =h,t
. 2(x ) Cay 3(x ) —0 2.9)
ax ax

where a;j = A;/cjpj, is the diffusivity j = 1,2, and ¢(z) de-
notes the heat produced by the unit surface per unit time by the
planar heat source at x = 0. In general, it is a given function of
the time.

The Laplace transformation will be applied to Egs. (2.1)-
(2.9) to solve this problem. If we denote
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Fig. 1. A scheme of specimen S set up, H—heat source, T—thermometer, and
X—axis.

o]

L[Tj(x, t)] = / Ti(x,t)exp(—st)dt =V;(x,s)
0
j=12,3 (2.10)
and
Llg] = p(s) 2.11)
we obtain three ordinary differential equations
920 9202
s —ay 92 =0, sty —an ox2 =0
32193
U3 —a;—5 =0 2.12
V3 —a1—3 (2.12)

where the initial condition (2.4) was accounted for. The bound-
ary conditions are transformed as follows

P1(x > —00,s5) =3(x = 4+00,5) =0 (2.5a)
P (x=0,5) = (x=0,5)=0 (2.6a)
hH(x=h,s)—Hx=h,s)=0 (2.7a)
o -0, o 0,
2 209 5 I 40 _ L s
0x ox
0 (x = h, 003(x =h,
pp 002 =hs) , 90sb=hs) (2.92)
0x 0x

The general solution of the transformed ordinary differential
equation is

9j(x,s) =Ajexp(y/s/ajx) + Bjexp(—/s/ajx)

Here j =1,2,3 and a; = a3.

The six constants A1, By, Az, By, A3, B3 have to obey the
transformed initial and boundary conditions.

(a) Additionally, we restrict ourselves to a planar heat source
creating a constant heat flux ¢ at a time interval (0, 00), then

q(t) =q0(1),

where 6(7) is Heaviside’s step-wise function (8(r) =0ifr <0
and 6(¢t) = 1 for t > 0). The Laplace transformation of this
function is

(2.13)

q = const 2.14)

ps)=gq/s (2.15)

In this special case the solution of the problem leads to a tem-
perature field given by the formulae (see Appendices A and B)

(1) x € (—00, 0),

_2q X (k" . —Xx +2nh/ay/a>
= 2 o (2250
k_ . —x+2n+ )h/ar/ar

_ Z1<pc( > Jar )i| (2.16)
(2) x €0, h),
_2q (k" . 2nh +x
o= 85 ) ot (375
k—. 2(n+ Dh —x
e
(3) x € (h, 00),
TR AT A
o= (1-5) % (6)
. x—h+ @2n+ 1)hi/ar/az
x@(r)ﬁ1¢c< N )
(2.18)

where

t € (—00, +00)
ki =+/Aipic1 + v/ r2p2c2,

ko =/Mpict — v rapacr
(2.19)
Al A2
a=—1 a=—
P1CI P2C2
i®.(u) denotes the first integral of the complementary error
function @.(u) = Erfc(u), namely

(2.20)

[e.e]

1D, (u) =/Erfc(v)dv

u

_ 2 [ )
Erfc(v) = ﬁ/exp( ¢c?)dc (2.21)
i@, (u) =n""? exp(—u?) — uErfc(u) (2.22)

All infinite series stated above converge very well just for sev-
eral elements [1].

(b) A planar heat source producing the heat flow of a con-
stant heat current g at an interval of time (¢ — 7, t) is expressed
as

q(t) =q0(to —1) =q[0(1) =01 —19)]

qg=const, tH>0, >0 (2.23)
The Laplace transformation of this function is
p(s) = g[l — exp(—sto)] (2.24)

Additional factor exp(—stp) shifts the time ¢ to ¢ — fg. The tem-
perature fields in parts 1-3 created by the thermal source (2.23)
in upper described specimen setup are determined as follows

Tj(-xvt)ZTS](-x»t)_TS](xvt_tO)s ]:112»3 (225)
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The temperature distributions settled above showed to be useful
in measurements of thermal parameters by the pulse transient
method [1] as well as by a step-wise method [2].

(c) The derivation of the temperature with respect to the time
in case (a) gives us the temperature field for the Dirac heat
source q(t) = qd(t) located at x = 0. (This is due to the re-
lation qd6(t)/dt = qé(t).)

In principle this temperature fields can be used in measure-
ments of thermal diffusivity by the Laser Pulse Method [3,4].

(d) Let us consider a planar source generating a heat flux

q(t) =q — qoexp(—yt), where

q >qo =0, y > 0are constants and r > 0 (2.26)

In this case we suddenly introduce a heat power P(¢) on a
plane at x = 0 so that the flux ¢g(¢) does not build up immedi-
ately to its final value ¢ = g(¢+ — 00) but approaches it in an
exponential fashion. The rate at which the flux builds up is de-
termined by the time constant 7 =y 1.

Then the corresponding temperature fields consist of T; (x, 1)
given by (2.16)—(2.18) and those T, (x, t) produced by a planar
source —qg exp(—yt) (Appendix B) where

exp(—p1) o= (k- \*" ,
1= 00 ZO<E> {Im[exp(,bl(_x, NV7)

* q}”(bl(z}n) i */_)]

— ]]i—_Im|:exp(ib1(—x,n + l)ﬁ)
+

bi(—x,n+1) .
<o PG i) ]|
—Xx + 2nhy/ai/a

Jar
2n
T, = CIOi’T\(/_W);(ﬁ) {Im[exp<z(2nh+x)\/>>

« C(Znh—i—x z\/_)]
V)
az

(2.27)

bi(—x,n) =

NG
_k Im|:exp<i (2 + Dh —x)

® (2(n+1)h )
P\ T 2 }

TVS(X’I)_CIoeXp( yt)( k— )

(2.28)

!
(0D

X Im[exp( (x —h+Q2n+ 1)h\/a1/a2)\/7>
y q)c<x —h+Q2n+ Dhai/az N l\/ﬁ)}

2Jart
(2.29)
Resulting temperature fields are
TS]/](-xvt):TS](xst)+Ty](x1[)s ]:112»3 (230)

We can see that the temperature in each part of the specimen
depends on the heat flux parameters g, t, qo, ¥, the diffusivity
aj (=Aj/pjcj) as well as the product of the thermo-physical
parameters A ;c;p;.

The solution for a temperature field due to heat produced by
a planar Dirac source (c) or in the form of a step-wise function
(a) one can also see in article [1]. Our results are different in
form from those presented in [1]. But we show that they are mu-
tual equivalent (see Appendix C). When three specimen parts
are made from the same material k_ = 0, k4 # 0. In that case
each of infinite sums is reduced to one leading term.

3. Discussion and results

If we measure the time dependence of the temperature at a
given point (say x = k), this in principle permits us to find the
values of some thermo-physical parameters mentioned above
for a selected range of temperatures. In this sense knowledge of
the exact analytical formulae describing the temperature field
is fundamental for many experimental methods investigating
the temperature properties of materials. Moreover, the results
(2.16)—(2.18) contain not only the results introduced in [1] (or
some results introduced in monograph [5]) as special cases but
also show their mutually intelligible connection. Above method
of determining the temperature field distribution can be gen-
eralized to treat similar problems defined by different heating
methods as it is shown in (d) and by modifying the bound-
ary condition described in Eq. (2.8), assuming the form other
boundary conditions remains unchanged (as it is in presence
of a Dirac source (c)). Knowing the theoretical expression of
temperature field distribution in a solid, one can evaluate the
experimental data to extract the key thermal properties of the
material. A question arises how to extract a thermal parameter
(e.g., ap) from infinite series? A procedure solving this problem
is sketched in [1] for the thermal source (b).

4. Conclusions

The mathematical model considering real experimental
setup is complex and its analytical solution is unknown. There-
fore, some simplifying assumptions have to be postulated. A
simplifying 1D-model was suggested which among others ig-
nores the contact resistance, since it may disrupt the boundary
conditions. Also exchange of heat with surroundings was ne-
glected. These assumptions and criteria for their fulfillment in
real experiment as well as a suitable time interval for evaluation
of the thermophysical parameters a, ¢ are considered and dis-
cussed in [1]. Working equations (like (16) in [1]) has been
tested through experiments done by Vretendr in Ref. [1]. It
is stated there that a comparison between the values a, ¢, A
measured by Pulse transient method in sandwich-like speci-
men setup and standard methods shows an excellent agreement
for all parameters. These results support 1D model with adia-
batic boundary condition. It seems to us that it is because of:
a small heat pulse which causes small changes of tempera-
ture in a solid and short time of measurement applied in PTM.
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Nevertheless, additional experimental investigation and mathe-
matical analysis of thermal contact’s influences between each
part of specimen setup as well as the exchange of heat with the
surroundings should be included in an improved mathematical
model.

Appendix A

Let us consider a planar heat source producing the heat flow
of a heat current ¢g(¢)in an interval of time ¢ > 0. Its Laplace
transformation (2.11) was denoted as L[g ()] = p(s).

The six constants A1, By, A2, B2, Az, B3 obeying the trans-
formed initial and boundary conditions (2.5a)—(2.9a) under the
assumption (2.13) are:

k_
A1=kff/?f(l——exp(—2h\/s/a2)), Bi=0 (A.D)

ki
_ PG ko B _ps)
1S T by SCAVsa). Br= T
(A2)
A3 =0, B3= p(s) <l—k—> exp(y/s/a1 —+/s/az)h
ki/s f ke
(A.3)
Here
kZ
f=1- k—;exp(—Zh\/s/ag) (A4
+

and k4, k_, ay, a; were determined by (2.19), (2.20).
In the transformed space, the temperature distributions are

91(x,s) = A (s) exp(y/s/aix) (A.5)
92(x,5) = Aa(s) exp(y/s/azx) + Ba(s) exp(—y/s/arx) (A.6)
93(x,s) = B3(s) exp(—,/s/alx). (A7)

Appendix B

In order to find the originals T;(x,t), j =1, 2, 3, to the pic-
tures (A.5)—(A.7), we must first expand the function f ~Linto
the infinite series

kZ —1
f_l = {1 — k—zexp(—Zh‘/s/az)}

+

(B.1)

00 2n
:Z(%) exp(—Znh,/s/az)
n=0

valid for
k2
k—; exp(—2hy/s/az) <1 (by definition [k—_/k4+|<1) (B.2)

l
and select a method of heating. This is determined by the func-
tion g (¢). In a simple case when ¢(¢) = const = g for the time
t > 0 its Laplace transformation is p(s) =¢q/s.

Substituting for p(s) and (B.1) in formula (A.1) and subse-

quently in (A.5) we find

00 2n
01:%,2)(%) =[xl = Vo)
— = expl— (200 + yash — 5farx) |

One possible way for determining 7 (x, ) is to use the ta-
bles of the inverse Laplace transformation (e.g., [S] p. 494,
Appendix V, formula 9)

4 exp(—blﬁ):|_ ) (bl(n,—x))
L [73\/} =21i®, g

2(n —
:2\/Zexp<——bl(n’ x))
T 4t

—bi(n, —x)® (Ll("’_”) (B.4)
1(n,—x)d, 2\/; .

(B.3)

where

bi(n, —x) =2nh/\/az — x//a
=X+ 2nhi/ai/az >0
= T >

Thus the temperature field in part 1 of the specimen setup is
then given as

_ 2 (k=N T (b =)
TSl(x’t)_k+n:0<k+> ﬁ[l¢c< 23/t )

_ k_—.¢ <b1(n+ 1, —x)>:|
ko 24/t

x €(—00,0), >0

(B.5)

which is identical with (2.16). In this way one can also find
originals Tsy(x,t), Ts3(x, t) given by the formulae (2.17), and
(2.18).

(b) If we have a thermal source of a constant power pulse
with duration #9 > O then q(¢t) = g0ty — t) =ql[0(t) — O(t —
t0)], to > 0, ¢t > 0 and the Laplace transformation of this pulse is
p(s) =q(1 —exp(—stp))/s. Additional factor exp(—sto) shifts
the time ¢ to t — ¢y because of

i o exp(=biv5)] —. (b1(n,—X)
L [exp( sto)isﬁ :|_2«/t toiD, 72@ ,

t>0,t>1 (B.6)

Ti(x,t) =Ts1(x,t) — Ts1(x,t —19)

This expression determines the temperature field in part 1 cre-
ated by the thermal source in the case (b) in upper described
specimen setup.

By analogy Tj(x,t) = Ts;j(x,t) — Tsj(x,t — t0), j = 2,3,
determines the temperature field in part 2 and 3, respectively.

(d) If we consider a source q(t) = g — qoexp(—yt) where
q > qo = 0 and y > 0 are constant, the Laplace transformation
of this function is

pisy=2 2
N s+y

(B.7)
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The term g /s has been already discussed. Thus the problem is
reduced to finding the temperature field corresponding to the
Laplace transformation temperature of the form

LIf()] = i’;‘i((_iiﬁ)), b is real and positive (B.8)
s(s+vy
Its inverse Laplace transformation is ([5], Appendix V)
- —b/s)

D=1 [L]

® V(s +y)
= _w\/—?yt) Im[exp(ibﬁ)¢c<ziﬁ + iﬁ)},
y >0 (B.9)

where i = 4/—1 (imaginary unit) and @, = Erfc(z) is the com-
plementary error function of complex variable

b
=—+4iJyt
PN
Factors b are the same for parts 1-3 as those appearing in
(2.16)—(2.18). Then, the temperature field generated by a ther-
mal source —qgexp(—yt) located at x = 0 in each part of the
specimen setup is described by formulae (2.27)—(2.29).

z (B.10)

Appendix C

We show that our results giving the temperature fields in
cases (a)—(c) are equivalent with Vretendr’s [1]. The tempera-
ture field created in the middle part 2 of a specimen by a planar
thermal source (a) (g = const) is given by (2.17)

) X k" 2nh
Tsz(x,t)=i—+ﬁz<g> [“DC<;—¢;>

n=0
k_. 2(n+ Dh —x

- a‘@(z—@)]

The same field is given in Ref. [1] by formula (16) as follows
2/t
Tt = 2 [@c( ~ )

k+ 2./ art
N k2 i(k—>2"i¢ (Z(n + A +x)
k2 =\ ks ¢ 2./art

ke Sk 2"_¢ 2+ Dh —x
_ k= ) e (X
k+ =0 k+ 24/021

(16) in Ref. [1]

(assuming that ky — k_, kp — k4). We are going to show mu-
tual equivalence both formulae.
The sum appearing in (2.17) can be written as

(k- \*". [(2nh+x
S () o (B
e k+ 2 art
00 2r
. X k_ . 2rh + x
1 L(Zx/azf)Jr;(h) 1 L<2vazf>
Then it holds

Xk N\ [(2rh+x
> () (3
— k+ 2 ast

r=1

() 2() = (3%)

r=1

(C.1)

and substitution n =r — 1,r =1,2,3,... =2 n=0,1,2,...
permits to write that sum as

2 00 2n
_ (k__> Z(k__> i@c<2(n+ Dh +x>
ki) =Nk 2/ax

Now, we can rewrite (2.17) into the form given by the for-
mula (16) in Ref. [1].

In that manner (withdrawing the term n = 0 which does
not contain factor k_/k4 from the infinite sum and multiply-
ing rest of the sum by (k_/k+)2(/’<_/k+)’2 = 1) one can show

equivalence here presented formulae and corresponding formu-
lae introduced in [1].

(C2)
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